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Abstract 

We investigate bi-Hamiltonian structures and related mKdV hier- 
archy of solitonic equations generated by (semi) Riemannian metrics 
and curve flow of non-stretching curves. The corresponding nonholo- 
nomic tangent space geometry is defined by canonically induced non- 
linear connections, Sasaki type metrics and linear connections. One 
yields couples of generalized sine-Gordon equations when the corre- 
sponding geometric curve flows result in hierarchies on the tangent 
bundle described in explicit form by nonholonomic wave map equa- 
tions and mKdV analogs of the Schrodinger map equation. 

Keywords: Curve flow, (semi) Riemannian spaces, nonholonomic 
manifold, nonlinear connection, bi-Hamiltonian, solitonic equations. 

MSC: 37K05, 37K10, 37K25, 35Q53, 53B20, 53B40, 53C21, 53C60 

Introduction 



In recent years, the differential geometry of plane and space curves is receiving 
considerable attention in the theory of nonlinear partial differential equations 
and applications to modern physics [U 121 113 EE]- One proved that curve flows 
on Riemannian spaces of constant curvature are described geometrically by 
hierarchies defined by wave map equations and mKdV analogs of Schrodinger 
map equation. The main results on vector generalizations of KdV and mKdV 
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equations and the geometry of their Hamiltonian structures are summarized 
in Refs. jHJ El El , see also a recent work in HUJ . 

In I12j. the flows of non-stretching curves were analyzed using mov- 
ing parallel frames and associated frame connection 1-forms in a symmetric 
spaces M = G/SO(n) and the structure equations for torsion and curva- 
ture encoding 0(n — l)-invariant bi-Hamiltonian operators. 1 It was shown 
that the bi-Hamiltonian operators produce hierarchies of integrable flows 
of curves in which the frame components of the principal normal along the 
curve satisfy 0(n — l)-soliton equations. The crucial condition for such con- 
structions is the fact that the frame curvature matrix is constant on the 
curved manifolds like M = G/SO(n). The approach was developed into a 
geometric formalism mapping regular Lagrange mechanical systems into bi- 
Hamiltonian structures and related solitonic equations ^3] > following certain 
methods elaborated in the geometry of generalized Finsler and Lagrange 
spaces [TH EE] and nonholonomic manifolds with applications in modern 
gravity [HI QI1 [£H] . 

The aim of this paper is to prove that solitonic hierarchies can be gen- 
erated by any (semi) Riemannian metric on a manifold V of dimension 
dim V = n > 2 if the the geometrical objects are lifted in the total space of the 
tangent bundle TV, or of a vector bundle £ = (M, 7T, E), dimE = m > n, by 
defining such frame transforms when constant matrix curvatures are defined 
canonically with respect to certain classes of preferred systems of reference. 

The paper is organized as follows: 

In section 2 we outline the geometry of vector bundles provided with 
nonlinear connection. We emphasize the possibility to define fundamental 
geometric objects induced by a (semi) Riemannian metric on the base space 
when the Riemannian curvature tensor has constant coefficients with respect 
to a preferred nonholonomic basis. 

In section 3 we consider curve flows on nonholonomic vector bundles. We 
sketch an approach to classification of such spaces defined by conventional 
horizontal and vertical symmetric (semi) Riemannian subspaces and provided 
with nonholonomic distributions defined by the nonlinear connection struc- 
ture. It is constructed a class of nonholonomic Klein spaces for which the bi- 
Hamiltonian operators are derived for a canonical distinguished connection, 
adapted to the nonlinear connection structure, for which the distinguished 
curvature coefficients are constant. 

Section 4 is devoted to the formalism of distinguished bi-Hamiltonian op- 
erators and vector soliton equations for arbitrary (semi) Riemannian spaces. 

: G is a compact semisimple Lie group with an involutive automorphism that leaves 
fixed a Lie subgroup SO(n) C G, for n > 2 
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We define the basic equations for nonholonomic curve flows. Then we con- 
sider the properties of cosympletic and sympletic operators adapted to the 
nonlinear connection structure. Finally, there are constructed solitonic hier- 
archies of bi-Hamiltonian anholonomic curve flows 

We conclude the results in section 5. The Appendix contains necessary 
definitions and formulas from the geometry of nonholonomic manifolds. 

2 Nonholonomic Structures on Manifolds 

In this section, we prove that for any (semi) Riemannian metric on a man- 
ifold V it is possible to define lifts to the tangent bundle TV provided with 
canonical nonlinear connection (in brief, N-connection), Sasaki type metric 
and canonical linear connection structure. The geometric constructions will 
be elaborated in general form for vector bundles. 

2.1 N— connections induced by Riemannian metrics 

Let £ — (E, 7r, F, M) be a (smooth) vector bundle of over base manifold M, 
when the dimensions are stated respectively; dim M = n and dim E = (n + 
m), for n > 2, and m > n being the dimension of typical fiber F. It is defined a 
surjective submersion it : E M. In any point u G E, the total space E splits 
into "horizontal", M u , and "vertical", F u , subspaces. We denote the local 
coordinates in the form u = (x,y), or u a = (x l ,y a ) , with horizontal indices 
i,j,k,... = 1,2, ... ,n and vertical indices a, b, c, . . . — n+1, n+2, . . . , n+m. 2 
The summation rule on the same "up" and "low" indices will be applied. 

The base manifold M is provided with a (semi) Riemannian metric, a 
second rank tensor of constant signature, 3 hg = g i .{x)dx t ®dxK It is possible 

to introduce a vertical metric structuref g = g ab {x)dy a ®dy b by completing the 

matrix g..(x) diagonally with ±1 till any nondegenerate second rank tensor 
— w 

g ab {x) if m > n. This defines a metric structure g = [hg, vg] (we shall also 
use the notation q n = \q..,q J) on £. We can deform the metric structure, 
9 a/3 ~ * 9 alS = idv'dabl' ^ considering a frame (vielbein) transform, 

9ap{x, y) = e^{x, y) e p ~(x, y)gap{x), (1) 

2 In a particular case, we have a tangent bundle E~TM, when n — m; for such bundles 
both type of indices run the same values but it is convenient to distinguish the horizontal 
and vertical ones by using different groups of Latin indices. 

3 in physical literature, one uses the term (pseudo) Riemannian/Euclidean space 
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where the coefficients 9 aj3 {x) have been written as ggfi{x)- The coefficients 
e Q -(x, y) will be defined below (see formula (jlHjl ) from the condition of gen- 
erating curvature tensors with constant coefficients with respect to certain 
preferred systems of reference. 

For any g ab from the set g a p, we can construct an effective generation 
function 

£(x,y) = 9ab(x,y)y a y b 

inducing a vertical metric 

9ab 2dy»dy b 1 ] 

which is "weakly" regular if det \g a b\ 7^ 0. 4 

By straightforward calculations we can prove this result 5 : 



Theorem 2.1 The Euler-Lagrange equations on TM, 

d fdL\ dL _ 
dr \dy i J dx l ~ ' 



for the Lagrangian L = \J \C\, where y l = *$- for a path x l {r) on M, de- 
pending on parameter t, are equivalent to the "nonlinear" geodesic equations 

^ + 2&(x k } ^)=0 
dr A dr 

defining paths of a canonical semispray S = y % -§-i — 2G t (x, y)-§^, where 
2G\x,y) = -g %3 [ T—^-ry - 



2 * ydyW dx 
with g 1 ^ being inverse to 
On holds 



Conclusion 2.1 For any (semi) Riemannian metric g i (x) on M, we can 

associate canonically an effective regular Lagrange mechanics on TM with the 
Euler-Lagrange equations transformed into nonlinear (semispray) geodesic 
equations. 

4 Similar values, for eJr = <$ Q ~, where Sjr is the Kronecker symbol, were introduced for 
the so-called generalized Lagrange spaces when C was called the "absolute energy" |14|. 
5 see Refs. ^J^l f° r details of a similar proof; here we note that in our case, in general, 
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We denote by 7r T : TE — ► TM the differential of map it : E — > M 
defined by fiber preserving morphisms of the tangent bundles Ti? and TM. 
The kernel of 7r T is just the vertical subspace vE with a related inclusion 
mapping i : vE — > 

Definition 2.1 ^4 nonlinear connection (N- connection) N on a vector bun- 
dle S is defined by the splitting on the left of an exact sequence 

^vE ^TE -> TE/vE -> 0, 

i. e. fry a morphism of submanifolds N : TPv — > suc/i i/ia£ Noi £/&e 
um£y m t> E. 

In an equivalent form, we can say that a N-connection is defined by a 
Whitney sum of conventional horizontal (h) subspace, (hE) , and vertical (v) 
subspace, (vE) , 

TE = hE © uE. (3) 

This sum defines a nonholonomic (equivalently, anholonomic, or nonite- 
grable) distribution of horizontal and vertical subspaces on TE. Locally, a 
N-connection is defined by its coefficients N^(u), 

N = N?(u)dx i ® ° 



dy a 



The well known class of linear connections consists on a particular subclass 
with the coefficients being linear on y a , i.e., N?(u) = T^(x)y b . 

Remark 2.1 A bundle space, or a a manifold, is called nonholonomic if it 
provided with a nonholonomic distribution (see historical details and sum- 
mary of results in \17\l ). In particular case, when the nonholonomic distri- 
bution is of type such spaces are called N-anholonomic fTffl . 

Any N-connection N = {N°-(u)} may be characterized by a N-adapted 
frame (vielbein) structure e u = (e^, e a ), where 

and the dual frame (coframe) structure e M = (e l ,e a ), where 

e i = dx i and e a = dy a + N9(u)dx\ (5) 

In order to preserve a relation with the previous denotations, we note that 
= (ej,e a ) and e M = (e\e a ) are, respectively, the former " N-elongated" 
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partial derivatives 5 U = 5/du u = (5i,d a ) and N-elongated differentials <5 M = 
5u^ = (d\ 5 a ) which emphasize that operators and (jSJ) define, correspond- 
ingly, certain "N-elongated" partial derivatives and differentials which are 
more convenient for tensor and integral calculations on such nonholonomic 
manifolds. 6 

For any N-connection, we can introduce its N-connection curvature 

ft = <f A d? <g> d a , 

I J 

with the coefficients defined as the Neijenheuse tensor, 

_ dN[ + Nb dN[ _ Nb m 
dxi dx { 1 dy b 3 dy 



% = eyJVJ = ejN? - e.N* = £L - ~—L + N > L _ ( 6 ) 



The vielbeins © satisfy the nonholonomy (equivalently, anholonomy) 
relations 

[e a , ep] = e a e p - e p e a = W^ffi (7) 
with (antisymmetric) nontrivial anholonomy coefficients W b a = d a N b and 

The geometric objects can be defined in a form adapted to a N-connection 
structure, following decompositions being invariant under parallel transports 
preserving the splitting (J3J). In this case we call them to be distinguished 
(by the connection structure), i.e. d-objects. For instance, a vector field 
X G TV is expressed 

X = (hX, vX), or X = X a e a = X% + X a e a , 

where hX = X l ei and vX = X a e a state, respectively, the adapted to the 
N-connection structure horizontal (h) and vertical (v) components of the 
vector (which following Refs. [T^ [T3| is called a distinguished vector, in brief, 
d-vector). In a similar fashion, the geometric objects on V, for instance, 
tensors, spinors, connections, ... are called respectively d-tensors, d-spinors, 
d-connections if they are adapted to the N-connection splitting (J3J). 

Theorem 2.2 Any (semi) Riemannian metric g i -{x) on M induces a canon- 
ical N-connection structure on TM. 



6 We shall use "boldface" symbols if it would be necessary to emphasize that any space 
and/or geometrical objects are provided/adapted to a N-connection structure, or with the 
coefficients computed with respect to N-adapted frames. 
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Proof. We sketch a proof by defining the coefficients of N-connection 



N l Ax,y) 



dyi 
where 

1 / d 2 C BC\ 1 

l\ m = ^9 lh {d m gih + dig mh - d h g im ), d h = d/dx h , 

with g a h and cjij defined respectively by formulas (JTJ) and 0. □ 

The N-adapted operators (j3J) and © defined by the N-connection coef- 
ficients (|SJ) are denoted respectively e u = (ej,e a ) and e M = (e l ,e a ). 

2.2 Canonical linear connection and metric structures 

The constructions will be performed on a vector bundle E provided with N- 
connection structure. We shall emphasize the special properties of a tangent 
bundle (TM,ir,M) when the linear connection and metric are induced by a 
(semi) Riemannian metric on M. 

Definition 2.2 A distinguished connection (in brief, d-connection) D = 
(hD, v D) is a linear connection preserving under parallel transports the non- 
holonomic decomposition ([3J). 

The N-adapted components r ^ of a d-connection D a = (e a jD) are 
defined by the equations 

B a e p = r^e 7 , or T\ p (it) = (D^Je*. (10) 

The N-adapted splitting into h- and v-covariant derivatives is stated by 

KD = {D fc = (Lj^Lfc)}, and vB = {D c = (q„Q c )}, 

where, by definition, U jk = (D k ej)\e\ L a hk = (D k e b )\e a , C) c = (D c e.,-)Je\ 
C& = (D c e fe )Je a . The components T\ p = (L) k , L a bk , Cj c , CQ completely 
define a d-connection D on E. 

The simplest way to perform N-adapted computations is to use differen- 
tial forms. For instance, starting with the d-connection 1-form, 

= v a Pl e\ (ii) 
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with the coefficients defined with respect to N-elongated frames (J3J) and 
the torsion of a d-connection, 



T a = De° = de a + T a p A eP, (12) 
is characterized by (N-adapted) d-torsion components, 

rpi ji ^_ t i rpi rpi rpa r\a 

1 jk ~ ^ jk kji 1 ja ~ 1 aj ~ U jai 1 ji ~ iL jii 

dN a 

rpa rpa _ i ja rpa /^ya /~ia 

1 bi — 1 ib — Qy b ^ bii 1 be — ° be ° cb- 

For d-connection structures on TM, we have to identify indices in the form 
i ^ a,j ^ b, ... and the components of N- and d-connections, for instance, 
N" 1 ^ N- and L l jk L a bk , C % ja ^ C b ca C l jk . 

Definition 2.3 A distinguished metric (in brief, d-metric) on a vector bun- 
dle E is a usual second rank metric tensor g =<7©n^ equivalently 

g = gij (x, y) e l ® e J + ^(ac, y) e a ® e b , (14) 

adapted to the N-connection decomposition J3J). 

From the class of arbitrary d-connections D on V, one distinguishes those 
which are metric compatible (metrical) satisfying the condition 

Dg = (15) 

including all h- and v-projections Djgki = 0, D a gM = 0, Djh a b = 0, D a hb c = 

0. For d-metric structures on V ~TM, with = h ao , the condition of 
vanishing " nonmetricity" (|15j) transform into 

hD(g) =0 and vU(h) =0, (16) 

1. e. Djg M = and D a g H = 0. 

For any metric structure g on a manifold, there is the unique metric 
compatible and torsionless Levi Civita connection V for which v 7" a = 
and Vg = 0. This connection is not a d-connection because it does not pre- 
serve under parallelism the N-connection splitting (JHJ). One has to con- 
sider less constrained cases, admitting nonzero torsion coefficients, when a 
d-connection is constructed canonically for a d-metric structure. A simple 
minimal metric compatible extension of V is that of canonical d-connection 
D which is metric compatible, with T l - k = and T\ c = but T l - a , T"^ and 
T a bi are not zero, see (jlHjl . The coefficient formulas for such connections are 
given in Appendix, see (JHT|) and related discussion. 



8 



Lemma 2.1 Any (semi) Riemannian metric g . .(x) on a manifold M induces 

— i j 

a canonical d-metric structure on TM, 

g = 9ij{x, y) e l <g> e° + gij{x, y) e l ® & , (17) 

where e 1 are elongated as in J3J), £m£ with N l - from 

Proof. This construction is similar to that of lifting of the so-called 
Sasaki metric [201, but using the coefficients 

Proposition 2.1 There are canonical d-connections on TM induced by a 
(semi) Riemannian metric 9-{ x ) on M. 

Proof. We can construct an example in explicit form by introducing g^ 
and g a h in formulas ()62j) . see Appendix, in order to compute the coefficients 

From the above Lemma and Proposition, one follows the proof of 

Theorem 2.3 Any (semi) Riemannian metric fi^-t^) on M induces a non- 
holonomic (semi) Riemannian structure on TM. 

We note that the induced Riemannian structure is nonholonomic because 
there is also a nonholonomic distribution Q defining AP... The corresponding 

curvature curvature tensor R a ^ T = {R\j k , P l j ka , S a bcd } can be computed by 
introducing respectively the values gij, iV l - and e^ into formulas 1)67)1 from 
Appendix, for defined r°g = {U- k ,C bc ). Here one should be noted that the 
constructions on TM depend on arbitrary vielbein coefficients e a -(x, y) in 
(|T|). We can restrict such sets of coefficients in order to generate various 
particular classes of (semi) Riemannian geometries on TM, for instance, in 
order to generate symmetric Riemannian spaces with constant curvature, see 
Refs. Ell 121123 • 

Corollary 2.1 There are lifts of a (semi) Riemannian metric g..{x) on M, 
dim M = n, generating a Riemannian structure on TM with the curvature co- 
efficients of the canonical d-connection coinciding ( with respect to A '-adapted 
bases) to those for a Riemannian space of constant curvature of dimension 
n + n. 

Proof. For a given set g. .(x) on M, we chose such coefficients e a -(x, y) = 
{e*(x,y)}m © that 

9ab{x,y) = e a -(x,y) e b \x,y)g gk (x) 
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results in (J2J) of type 

^ = 2d^ = 2 W = (18) 

where g a b is the metric of a symmetric Riemannian space (of constant cur- 
vature). Considering a prescribed g a b, we have to integrate two times on y e 
in order to find any solution for e a - defining a frame structure in the vertical 
subspace. The next step is to construct the d-metric g a p = [ fy, g a b] of 
type (JTTjl. in our case, with respect to a nonholonomic base elongated by 

~ i 

N j, generated by g..{x) and g e t = g a b, like in (JHJ) and (EJ). This defines a 
constant curvature Riemannian space of dimension n + n. The coefficients 
of the canonical d-connection, which in this case coincide with those for the 
Levi Civita connection, and the coefficients of the Riemannian curvature can 
be computed respectively by introducing g e j = g ab in formulas (J52*j) and 
()67j) . see Appendix. Finally, we note that the induced symmetric Rieman- 
nian space contains additional geometric structures like the N-connection 
and anholonomy coefficients W^n, see (JZJ.D 

There are various possibilities to generate on TM nonholonomic Rie- 
mannian structures from a given set 9^{ x ) on M. They result in different 
geometrical and physical models. In this work, we emphasize the possibil- 
ity of generating spaces with constant curvature because for such symmetric 
spaces it was elaborated a bi-Hamiltonian approach to solitonic hierarchies. 

Example 2.1 The simplest example when a Riemannian structure with con- 
stant matrix curvature coefficients is generated on TM is to consider a d- 
metric induced by g^ = 5ij, i.e. 

S[E] = kjj ® e j + S i:j e l <g> e j , (19) 

with e* defined by N l j in their turn defined by a given set 9 i -{ x ) on M. 

It should be noted that the metric ()19j) is generic off-diagonal with respect 
to a coordinate bases because, in general, the anholonomy coefficients from 
(|7jl are not zero. This way, we model on TM a nonholonomic Euclidean space 
with vanishing curvature coefficients of the canonical d-connection (it can be 
verified by introducing respectively the constant coefficients of metric fTDJ) 
into formulas (|62|) and (|67p). We note that the conditions of Theorem 12 .11 are 
not satisfied by the d-metric (fT9"j) (the coefficients g^ = 5^ are not defined 
as in Pj)). so we can not relate directly a geometrical mechanics model for 
such constructions. 

There is an important generalization: 
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Example 2.2 We can consider C as a hyper surface in TM for which the 
matrix d 2 C/dy a dy b (i.e. the Hessian, following the analogy with Lagrange 
mechanics and field theory) is constant and nondegenerate. This states that 
gij = const which results in zero curvature coefficients for the canonical d- 
connection induced by g i -{x) on M. 

Finally, in this section, we note that a number of geometric ideas and 
methods applied in this section were considered in the approaches to the 
geometry of nonholonomic spaces and generalized Finsler-Lagrange geometry 
elaborated by the schools of G. Vranceanu and R. Miron and by A. Bejancu in 
Romania |2H ESI UH EG3 IE] • We emphasize that this way it is possible to 
construct geometric models with metric compatible linear connections which 
is important for elaborating standard approaches compatible with modern 
(non) commutative gravity and string theory [T8] IT9] . For Finsler spaces 
with nontrivial metricity, for instance, for those defined by the the Berwald 
and Chern connections, see details in |2E|, the physical theories with local 
anisotropy are not imbedded in the class of standard models. 

3 Curve Flows and Anholonomic Constraints 

We formulate the geometry of curve flows adapted to the nonlinear connec- 
tion structure. 

3.1 Non— stretching and N— adapted curve flows 

Let us consider a vector bundle £ = (E,tc, F, M), dimE = n + m (in a 
particular case, E = TM, when m = n) provided with d-metric g = [g, h] 
(|T^|) and N-connection N? (j3J) structures. A non-stretching curve 7(7", 1) 
on V, where r is a parameter and 1 is the arclength of the curve on V, is 
defined with such evolution d-vector Y = 7 T and tangent d-vector X = 71 
that g(X, X) =1. A such curve 7(7", 1) swept out a two-dimensional surface 
in T 7(r>1) V C TV. 

We shall work with N-adapted bases (j3J) and (0) and the connection 1- 
form r°g = r^e 7 with the coefficients for the canonical d-connection 
operator D (jHTj) (see Appendix) acting in the form 

D x e Q = (Xjrj)e 7 and D Y e a = (YjT a 7 )e 7 , (20) 

where "J" denotes the interior product and the indices are lowered and raised 
respectively by the d-metric = [gij,h a b] and its inverse g Q/3 = [g t3 h ab ] . 
We note that Dx = X"D a is the covariant derivation operator along curve 
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j(t, 1). It is convenient to fix the N-adapted frame to be parallel to curve 
7(1) adapted in the form 



e 



/iX, for 2 = 1, and e l , where /ig(/iX,e J ) =0, 

v X, for a = n + 1, and e a , where wg(i>X, e a ) =0, 



(21) 



for % = 2, 3, ...n and a = n + 2, n + 3, n + m. For such frames, the covariant 
derivative of each "normal" d-vectors e a results into the d-vectors adapted 
to 7(r, 1), 



Dxe* = -p>) X and B h ^hX = p\u) e*, 
D x e a = -p Z {u) X and D wX vX = p z {u) e a , 



(22) 



which holds for certain classes of functions p l (u) and p a (u). The formulas 
()20)1 and (|22J) are distinguished into h- and v-components for X —hX. + uX 
and D = (AD, «D) for D = {r^ Q/3 }, ftD = {L* k , L" bk } and <;D = {Cj c , C*}. 

Along 7(1), we can move differential forms in a parallel N-adapted form. 
For instance, T a ^_ = Xjr" 3 ^. The algebraic characterization of such spaces, 
can be obtained if we perform a frame transform preserving the decomposi- 
tion (jSJ) to an orthonormalized basis e a >, when 



A, 



(23) 



called orthonormal d-basis. In this case, the coefficients of the d-metric (fTfj) 
transform into the Euclidean ones g a ipi = 8 a ipi. In distinguished form, we 
obtain two skew matrices 



r& = «cjr" 



2e^^UndT^=vX\T ab = 2 < x ft 



where 



el' x = g{KX,e*) = [1, 0, . . . , 01 and e^ x = h(vX,e a ') = [1, 0, . . . , 01 



n-l 



m— 1 



and 





-Pi 



Or, 



and r 



»X a' 



P 

Or, 





_ -Pa 

with 0[/,] and 0[„] being respectively (n — 1) x (n — 1) and (m — 1) x (m — 1) 
matrices. The above presented row-matrices and skew-matrices show that 
locally an N-anholonomic manifold V of dimension n + m, with respect 
to distinguished orthonormalized frames are characterized algebraically by 
couples of unit vectors in MJ 1 and M. m preserved respectively by the SO(n — l) 
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and SO(m — 1) rotation subgroups of the local N-adapted frame structure 
group SO(n) (BSO(m). The connection matrices r ftXi , 3 and T v ^ a , b ' belong 
to the orthogonal complements of the corresponding Lie subalgebras and 
algebras, so{n — 1) C so{n) and so{m — 1) C so{m). 

The torsion f!12[) and curvature ()63)1 (see Appendix) tensors can be in 
orthonormalized component form with respect to (|21j) mapped into a distin- 
guished orthotnomalized dual frame (|2*3*j) . 

T Q ' = Dxe"' - D Y e x ' + e?T x / - e x 'r Y / (24) 

and 

^ ( X ' Y ) = D Yr x/3 " - D x r Y/ 3? + r Y/3 7 r X7 ? - r x/3 7 r Y7 ? , (25) 

where e Y = g(Y,e Q ') and T Y g? = Yjr^' = g(e a , Dye^) define respec- 
tively the N-adapted orthonormalized frame row-matrix and the canonical 
d-connection skew-matrix in the flow directs, and JZ2 (X, Y) = g(e Q , [Dx, 
Dy]e^) is the curvature matrix. Both torsion and curvature components can 
be distinguished in h- and v-components like (fT3"j) and (JMJ), by considering 
N-adapted decompositions of type 

g = \g,h],ep = (e f ,e b >),e a ' = (e*', e a '), X =hX + vX, D = (KD,vT>). 

Finally, we note that the matrices for torsion (}2"l"|) and curvature (|23|) can be 
computed for any metric compatible linear connection like the Levi Civita 
and the canonical d-connection. For our purposes, in this work, we are inter- 
ested to define such a frame of reference with respect to which the curvature 
tensor has constant coefficients and the torsion tensor vanishes. 

3.2 On anholonomic bundles with constant matrix cur- 
vature 

For vanishing N-connection curvature and torsion and constant matrix cur- 
vature, we get a holonomic Riemannian manifold and the equations (|24|) and 
(|23j) directly encode a bi-Hamiltonian structure, see details in Refs. [7J H2] . 
A well known class of Riemannian manifolds for which the frame curvature 
matrix constant consists of the symmetric spaces M = G/H for compact 
semisimple Lie groups G D H. A complete classification and summary of 
main results on such spaces are given in Refs. j2U 1221- The Riemannian 
curvature and the metric tensors for M = G/H are covariantly constant 
and G-invariant resulting in constant curvature matrix. In ^TJ Ej, the 
bi-Hamiltonian operators were investigated for the symmetric spaces with 
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M = G/SO(n) with H = SO(n) D 0(n — 1) and two examples when 
G = SO(n + 1), SU(n). Then it was exploited the existing canonical solder- 
ing of Klein and Riemannian symmetric-space geometries [23 ] . 

3.2.1 Symmetric nonholonomic tangent bundles 

We suppose that the base manifold is a symmetric space M = hG/SO(n) 
with the isotropy subgroup hH = SO(n) D 0{n) and the typical fiber space 
to be a symmetric space F = vGj SO(m) with the isotropy subgroup vH = 
SO(m) D 0{m). This means that hG = SO(n + 1) and vG = SO(m + 1) 
which is enough for a study of real holonomic and nonholonomic manifolds 
and geometric mechanics models. 7 

Our aim is to solder in a canonic way (like in the N-connection geometry) 
the horizontal and vertical symmetric Riemannian spaces of dimension n and 
m with a (total) symmetric Riemannian space V of dimension n + m, when 
V = G/SO(n + m) with the isotropy group H = SO(n + m) D 0{n + m) and 
G = SO(n + m + l). First, we note that for the just mentioned horizontal, 
vertical and total symmetric Riemannian spaces one exists natural settings to 
Klein geometry. For instance, the metric tensor hg = {c/ij} on M is defined 
by the Cartan-Killing inner product < ■, ■ >h on T x hG ~ hg restricted to the 
Lie algebra quotient spaces hp =hg/hl), with T x hH ~ hi), where hg =h[)Q)hp 
is stated such that there is an involutive automorphism of hG under hH is 
fixed, i.e. [/tf),/tp] C hp and [/ip,/ip] C hi). In a similar form, we can define 
the group spaces and related inner products and Lie algebras, 

{hab}, < -, • >v, TyvG ~ vq, vp =vg/vt), with 
v\),vq =v\) © vp,where [uh,vp] C vp, [vp,vp\ C vt); 

(26) 

{g a p}, < ; ■ > g , T { x, y )G ~ 0, p = fl/fj, with 
h, = fj © p,where [fj, p] C p, [p, p] C f). 

We parametrize the metric structure with constant coefficients on V = 
G/SO(n + m) in the form 

9 = g a /3du a ® du 13 ', 
where u a are local coordinates and 

. _ [ ° 9ij + NfNjhab 

9aP ~[ Nfhe 

7 it is necessary to consider hG = SU(n) and vG 
with spinor and gauge fields 



for vg = 

T y vH ~ 

for g = 

T( X ,y)H ^ 



N e h 

h a b 



(27) 

SU(m) for the geometric models 
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when trivial, constant, N-connection coefficients are computed NJ = h eb gjb 

for any given sets h eb and cjjb, i.e. from the inverse metrics coefficients defined 
respectively on hG = SO(n+l) and by off-blocks (nxn)- and (mxm)-terms 
of the metric g a p. As a result, we define an equivalent d-metric structure of 
type (HI 

g = g i3 j ® e j + Kb e a ® e\ (28) 
e* = dx\ e a = dy a + Ntdx i 

defining a trivial (n + m)-splitting g =g®-^h because all nonholonomy coef- 
ficients WJr and N-connection curvature coefficients Cl% are zero. In more 
general form, we can consider any covariant coordinate transforms of (f2*Kj) pre- 
serving the (n + m)-splitting resulting in any = (J7J) and fl^ = (JHJ). 
It should be noted that even such trivial parametrizations define algebraic 
classifications of symmetric Riemannian spaces of dimension n+m with con- 
stant matrix curvature admitting splitting (by certain algebraic constraints) 
into symmetric Riemannian subspaces of dimension n and m, also both with 
constant matrix curvature and introducing the concept of N-anholonomic 
Riemannian space of type V = [hG = SO(n + 1), vG = SO{m + 1), Nf\. 
One can be considered that such trivially N-anholonomic group spaces have 
possess a Lie d-algebra symmetry so^(n + m) = so(n) ©so(ra). 

The simplest generalization on a vector bundle E is to consider nonhlo- 
nomic distributions on V = G/SO(n + m) defined locally by arbitrary N- 
connection coefficients N^{x,y) with nonvanishing and flfj but with 
constant d-metric coefficients when 

g = 9ij e i ® e j + h ab e a ® e b , (29) 
e* = dx\ e a = dy a + N?(x, y)dx\ 

This metric is very similar to f)19|) but with the coefficients and h ab in- 
duced by the corresponding Lie d-algebra structure $0ft{n-\-m). Such spaces 
transform into N-anholonomic Riemann-Cartan manifolds = [hG = 
SO(n + 1), vG = SO(m + 1), Nf] with nontrivial N-connection curvature 
and induced d-torsion coefficients of the canonical d-connection (see formu- 
las (|13p computed for constant d-metric coefficients and the canonical d- 
connection coefficients in (|61|1). One has zero curvature for the canonical d- 
connection (in general, such spaces are curved ones with generic off-diagonal 
metric (f2*H|) and nonzero curvature tensor for the Levi Civita connection). 8 
This allows us to classify the N-anholonomic manifolds (and vector bundles) 

introducing, constant values for the d-metric coefficients we get zero coefficients for 
the canonical d-connection which in its turn results in zero values of l)64|l . 
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as having the same group and algebraic structures of couples of symmetric 
Riemannian spaces of dimension n and m but nonholonomically soldered to 
the symmetric Riemannian space of dimension n + m. With respect to N- 
adapted orthonormal bases with distinguished h- and v-subspaces, we 
obtain the same inner products and group and Lie algebra spaces as in 1)26)1 . 

The classification of N-anholonomic vector bundles is almost similar to 
that for symmetric Riemannian spaces if we consider that n = m and try 
to model tangent bundles of such spaces, provided with N-connection struc- 
ture. For instance, we can take a (semi) Riemannian structure with the 
N-connection induced by a absolute energy structure like in (JHJ) and with the 
canonical d-connection structure (|6*T|). for g e f = g ab , like in (fTHjl. A straight- 
forward computation of the canonical d-connection coefficients 9 and of d- 
curvatures for °g,ij and proves that the nonholonomic Riemanian man- 
ifold (M = SO{n + l)/SO(n), °C) possess constant both zero canonical d- 
connection curvature and torsion but with induced nontrivial N-connection 
curvature °£lj k - Such spaces, being tangent to symmetric Riemannian spaces, 
are classified similarly to the Riemannian ones with constant matrix curva- 
ture, see (126)1 for n = m but provided with a nonholonomic structure induced 
by generating function °C. 

3.2.2 N— anholonomic Klein spaces 

The bi-Hamiltonian and solitonic constructions |T21 EJ E] are based on an 
extrinsic approach soldering the Riemannian symmetric-space geometry to 
the Klein geometry • For the N-anhlonomic spaces of dimension n + n, 
with constant d-curvatures, similar constructions hold true but we have to 
adapt them to the N-connection structure. 

There are two Hamiltonian variables given by the principal normals v 
and v u, respectively, in the horizontal and vertical subspaces, defined by the 
canonical d-connection D = (hD,vD), see formulas (|2T]l and (J22J), 

h v = D^x/iX = u\ and V = D„ X ^X = z/ s e a . 

This normal d-vector v = ( h u, v u), with components of type u a = (i>\ 
v a ) = (u 1 , u\ u n+1 , u a ), is in the tangent direction of curve 7. There is also 
the principal normal d-vector w = ( h w, v w) with components of type 
zu a = (zu l , zu a ) = (zu 1 , zu l , zu n+1 , zu a ) in the flow direction, with 

h w = T> hY hX =Tu' l eq, v w = D„ Y ^X = -07 a e a , 
9 on tangent bundles, such d-connections can be defined to be torsionless 
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representing a Hamiltonian d-covector field. We can consider that the normal 
part of the flow d-vector 

h± = Yi = h\ + h z ea 

represents a Hamiltonian d-vector field. For such configurations, we can 
consider parallel N-adapted frames e a / = (ej/,e a /) when the h-variables v 1 ' , 
w % , h l are respectively encoded in the top row of the horizontal canonical 
d-connection matrices T hXi , 3 and T hYi , 3 and in the row matrix (e^) . == 
ey — g\\ e^- where g\\ = g(hY,hX.) is the tangential h-part of the flow d- 
vector. A similar encoding holds for v-variables b ,a ',m a ',h a ' in the top row 
of the vertical canonical d-connection matrices T vX a , b and F vY a , b and in 
the row matrix (e Y ) 1 = — h\\ where h\\ = h(vY,vX) is the tangential 
v-part of the flow d-vector. In a compact form of notations, we shall write v a ' 
and w a where the primed small Greek indices a',/3', ... will denote both N- 
adapted and then orthonormalized components of geometric objects (like d- 
vectors, d-covectors, d-tensors, d-groups, d-algebras, d-matrices) admitting 
further decompositions into h- and v-components defined as nonintegrable 
distributions of such objects. 

With respect to N-adapted orthonormalized frames, the geometry of N- 
anholonomic manifolds is defined algebraically, on their tangent bundles, by 
couples of horizontal and vertical Klein geometries considered in [23J and for 
bi-Hamiltonian soliton constructions in [TI]. The N-connection structure 
induces a N-anholonomic Klein space stated by two left-invariant hg- and 
vg-valued Maurer-Cartan form on the Lie d-group G = (hG, vG) is identi- 
fied with the zero-curvature canonical d-connection 1-form G T = { G r Q ^,}, 
where 

G-pa' _ G-pa' V _ hG t i' V , vG n i' k' 

For trivial N-connection structure in vector bundles with the base and typ- 
ical fiber spaces being symmetric Riemannian spaces, we can consider that 

are the coefficients of the Cartan connections hG L and 
vG C, respectively for the hG and vG, both with vanishing curvatures, i.e. 
with 

d G T+^[ G T, G T] = 

and h- and v-components, d hG L + \[ hG L% hG L] = and d vG C + |[ vG C, 
vG C] = 0, where d denotes the total derivatives on the d-group manifold 
G = hG © vG or their restrictions on hG or vG. We can consider that G T 
defines the so-called Cartan d-connection for nonintegrable N-connection 
structures, see details and supersymmetric/ noncommutative developments 

in pang. 
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Through the Lie d-algebra decompositions g = hg © vg, for the horizon- 
tal splitting: hg = so(n) © hp, when [hp, hp] C so(ra) and [so(n),hp] C ftp; 
for the vertical splitting t>g = so(m) © t>p, when [t>p,t>p] C so(m) and 
[so(m),fp] C vp, the Cartan d-connection determines an N-anholonomic 
Riemannian structure on the nonholonomic bundle E = [hG = SO(n + 1), 
vG = SO{m + 1), Nf]. For n = m, and canonical d-objects (N-connection, 
d-metric, d-connection, ...) derived from (|29|). or any N-anholonomic space 
with constant d-curvatures, the Cartan d-connection transform just in the 
canonical d-connection (|fi2jl . It is possible to consider a quotient space with 
distinguished structure group Vn = G / ' SO[n)@ SO{m) regarding G as a 
principal (SO(n) © SO(m) )-bundle over E, which is a N-anholonomic bun- 
dle. In this case, we can always fix a local section of this bundle and pull-back 
G r to give a (hg © v g)-valued 1-form s r in a point u £ E. Any change of 
local sections define SO in)® SO(m) gauge transforms of the canonical d- 
connection s r, all preserving the nonholonomic decomposition 

There are involutive automorphisms ha = ±1 and va = ±1, respectively, 
of hg and vg, defined that so(n) (or so(m)) is eigenspace ha = +1 (or va = 
+1) and hp (or t>p) is eigenspace ha = —1 (or va = — 1). It is possible both a 
N-adapted decomposition and taking into account the existing eigenspaces, 
when the symmetric parts 

r=i(«r+a(T)), 

with respective h- and v-splitting L =\ ( hs L+ha ( hs L)) and C =|( t,0 C + 
ha( vs C)), defines a (so(n) © so(m))-valued d-connection 1-form. Under 
such conditions, the antisymmetric part 

e=i(«r-*(«r)), 

with respective h- and v-splitting /ie =| ( /l0 L— /icr (^L)) and ue =|(' ;0 C — 
ha( V0 C)), defines a (Zip © v p)-valued N-adapted coframe for the Cartan- 
Killing inner product < -, • > p on T U G ~ hg © vg restricted to T U V N ~ p. 
This inner product, distinguished into h- and v-components, provides a d- 
metric structure of type g = [g,h] ((Bj) .where g =< he®he >h P and h =< 
ve<$ve > vp on V N = G/SO(ri)® SO(m). 

We generate a G( = hG(Bv G)-invariant d-derivative D whose restriction 
to the tangent space TVn for any N-anholonomic curve flow j(t, 1) in Vn = 
G/SO(n)® SO(m) is defined via 

D x e = [e, 7l jr] and D Y e = [e, 7r jT] , (30) 
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admitting further h- and v-decompositions. The derivatives Dx and Dy 
are equivalent to those considered in (|20|) and obey the Cartan structure 
equations (J2l|) and (}25|) . For the canonical d-connections, a large class of 
N-anholonomic spaces of dimension n = m, the d-torsions are zero and the 
d-curvatures are with constant coefficients. 

Let e a = (e l , e a ) be a N-adapted orthonormalized coframe being iden- 
tified with the (hp © v p)-valued coframe e in a fixed orthonormal basis for 
p —hp © v p <Zhg © vg. Considering the kernel/ cokernel of Lie algebra mul- 
tiplications in the h- and v-subspaces, respectively, [e^x, -} hs and [e„x, , 
we can decompose the coframes into parallel and perpendicular parts with 
respect to e X - We write 

e = (e c = he c + ve c , e c ± = he c ± + ve c ±), 

for p( — hp © t>p)-valued mutually orthogonal d-vectors e c and e c ±, 
when there are satisfied the conditions [ex,ec] = but [ex,e c x] ^ 0; 
such conditions can be stated in h- and v-component form, respectively, 
[hex, he c ] hs = 0, [he x , he c x] hg ^ and [ve x ,ve c } vs = 0, [ve x ,ve c ±] vs ^ 0. 
One holds also the algebraic decompositions 

T„V N ~ p =hp © vp = g =hg © vg/so(n) © so(m) 

and 

P = Pc © Pc± = (hpc © vpc) © (hp c ± © vp c ±) , 

with p|| C p c and p c ± C p ± , where [p||,pc] = 0, < pc^,pc >= 0, but 
[p || , Pc-l] 7^ (i.e. pc is the centralizer of e x in p =hp © vp Chg © vg); in h- 
and v-components, one have hp\\ C hp c and hp c ± C /ipj_, where [/ipy, hpc] = 
0, < hpc->-,hpc >= 0, but [/ip||, /ip c xl 7^ (i.e. hp c is the centralizer of 
e^x in ^P Chg) and vp\\ C t>p c and fpc-L C t>pj_, where [fpy, fpc] — 0, 
< vp c j-,vpc >= 0, but [fp||,vp c x] ^ (i.e. wpc is the centralizer of e„x 
in up Cvg). Using the canonical d-connection derivative Dx of a d-covector 
perpendicular (or parallel) to ex, we get a new d- vector which is parallel 
(or perpendicular) to e x , i.e. D x ec £ Pc x ( or D x e c x G pc); in h- and v- 
components such formulas are written D hX he c G hp c ± (or D hX he c ± G hpc) 
and D„xwec G vpc± (or D^x^e^x G fpc)- All such d-algebraic relations can 
be written in N-anholonomic manifolds and canonical d-connection settings, 
for instance, using certain relations of type 

D x (e»') c = v a ;,(e^x and D x (e a ') c x = -v^(e^') c , 

for some antisymmetric d-tensors v a 'P' = — v^' a '. We get a N-adapted 
(SO(n) © SO(m)) -parallel frame defining a generalization of the concept of 
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Riemannian parallel frame on N-adapted manifolds whenever pc is larger 
than pii. Substituting e a = [e % , e a ) into the last formulas and considering 
h- and v-components, we define SO(n) -parallel and S'0(m)-parallel frames 
(for simplicity we omit these formulas when the Greek small letter indices 
are split into Latin small letter h- and v-indices). 

The final conclusion of this section is that the Cartan structure equations 
on hypersurfaces swept out by nonholonomic curve flows on N-anholonomic 
spaces with constant matrix curvature for the canonical d-connection ge- 
ometrically encode two 0(n — 1)- and 0(m — l)-invariant, respectively, 
horizontal and vertical bi-Hamiltonian operators. This holds true if the dis- 
tinguished by N-connection freedom of the d-group action SO(n) © SO{m) 
on e and V is used to fix them to be a N-adapted parallel coframe and its as- 
sociated canonical d-connection 1-form is related to the canonical covariant 
derivative on N-anholonomic manifolds. 



4 Anholonomic bi— Hamiltonians and Vector 
Solitons 

Introducing N-adapted orthonormalized bases, for N-anholonomic spaces of 
dimension n + n, with constant curvatures of the canonical d-connection, 
we can derive bi-Hamiltonian and vector soliton structures similarly to [T2*l 
EJE]- in symbolic, abstract index form, the constructions for nonholonomic 
vector bundles are similar to those for the Riemannian symmetric-spaces sol- 
dered to Klein geometry. We have to distinguish the horizontal and vertical 
components of geometric objects and related equations. 



4.1 Basic equations for N— anholonomic curve flows 

In this section, we shall prove the results for the h-components of certain N- 
anholonomic manifolds with constant d-curvature and then dub the formulas 
for the v-components omitting similar details. 

There is an isomorphism between the real space so(n) and the Lie algebra 
ofnxn skew-symmetric matrices. This allows to establish an isomorphism 
between hp ~ M. n and the tangent spaces T X M = so(n + 1)/ S0(n) of the 
Riemannian manifold M = SO(n+ 1)/ SO(n) as described by the following 
canonical decomposition 



hg = so(n + 1) D hp G 



hp 
-hp T hO 



for hO e/if) = so(n) 
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with hp = {p 1 } GK" being the h-component of the d-vector p = (p 1 ' ,p a ') 
and hp T mean the transposition of the row hp. The Cartan-Killing inner 
product on hg is stated following the rule 



hp-hp = 






hp 







hp 


_ -hp T 


hO 




_ -hp T 


hO 



-tr 



hp 
-hp T hO 



hp 
-hp T hO 



where tr denotes the trace of the corresponding product of matrices. This 
product identifies canonically hp ~ R n with its dual hp* ~ R™. In a similar 
form, we can consider 



vq = so(m + 1) D vp G 



v p 
-vp T vO 



for v Ev f) = so(m) 



with vp = {p a } GM m being the v-component of the d-vector p = (p 1 ' \p a ') 
and define the Cartan-Killing inner product vp vp =|ir{...}. In general, 
in the tangent bundle of a N-anholonomic manifold, we can consider the 
Cartan-Killing N-adapted inner product p ■ p —hp-hp+vp-vp. 

Following the introduced Cartan-Killing parametrizations, we analyze 
the flow 7(Y, 1) of a non-stretching curve in V N = G/SO(n)(B SO{m). 
Let us introduce a coframe e e T*Vn ® (/ip©fp), which is a N-adapted 
(S'0(n)©5 , 0(m))-parallel basis along 7, and its associated canonical d-con- 
nection 1-form T G T^Vn ® (so(n)©so(m)). Such d-objects are respectively 
parametrized: 

ex = e feX + e^x, 



for 



and 



e^x = 7fexJ he 



e^x = lv^\ve 



(1, 

-(1,"0) T hO 

(1,0") 

-(1,0") T vO 



where we write (1, ) G M n , G M n_1 and (1, ) G M m , G 

r = [r h x, r„ x ] , 

for 



pm—l. 



=7^xjL 





-(0,"0 



(0, 
L 



G So(n + 1), 
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where 



and 



where 



— v 



V 

hO 



e so(n), v e R , hO eso(n - 1), 



«X~ 



=7,xJC 



(0, 

-(o,o") T c 



c 



V 

vO 



e so [m , v e 



nm—l 



e so(m + 1), 



, vO eso(m — 1). 



The above parametrizations are fixed in order to preserve the SO{n) and 
SO(m) rotation gauge freedoms on the N-adapted coframe and canonical 
d-connection 1-form, distinguished in h- and v-components. 

There are defined decompositions of horizontal SO(n+ 1)/ SO(n) matri- 
ces like 



hp 3 



+ 



hp 
-hp T hO 





(hp\\,~0) 

-(/ipii,"o) t hO 

(0,h^ ± ) 



-(0,/ipJ hO 

into tangential and normal parts relative to e^x via corresponding decom- 
positions of h-vectors hp = (hp\\,h~p±) GK™ relative to ^1, j , when hp\\ 

is identified with hpc and h~p± is identified with hp± = hpc±- In a similar 
form, it is possible to decompose vertical SO(m +1)/ SO(m) matrices, 



vp 3 



—vp 



vp 
vO 







+ 



vO 



vp\\, 
vO 





(o,vp±y 

into tangential and normal parts relative to e^x via corresponding decompo- 
sitions of h-vectors vp = (vp\\,v < p±) eW 71 relative to ^1, j , when vp\\ is 

identified with vpc and v p ± is identified with v p± = vp c ±. 

The canonical d-connection induces matrices decomposed with respect 
to the flow direction. In the h-direction, we parametrize 

(ke\\,h~e±) 



£hY = It J he 



(he\\, h~e±) 



hO 
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when e hY G /ip, (/ley, h~e±) G R™ and ftTex el" \ and 



r/iY=7/iYjL 



(0, 
■{0,~0) T hw T 



G so{n + 1), 



(31) 



where 







G so(ra), G M n_1 , h& eso(n - 1). 



In the v-direction, we parametrize 



e^Y = lr\ve 



(v ey, 1> 1T_|_) 

when e^Y G -up, (ve\\,v*e±) G M m and t;e"i G R m_1 , and 



where 



to 

— w T V® 



0_ (0, ) 
-(0,0~) T vvj t 



G so(m + 1), 



G so(m), ro6M m \ / © Gso(m - 1 



The components he\\ and /i~e\ correspond to the decomposition 

e^Y = hg(7 r , 7iK x + (7 T )±J^e ± 

into tangential and normal parts relative to e^x- In a similar form, one con- 
siders fey and v*e± corresponding to the decomposition 

e^Y = wg(7 r ,7iKx + (l T )±\ve ± . 
Using the above stated matrix parametrizations, we get 



for he± 




he± ^ 

h~e_ 
-(h~e ± ) T hO 

(0, w 
-(0,wf 





G so(n + 1), 

G so(ra); 



(32) 



G hp±; 



(—77 • ft,~e?j_, /ley 7?)" 
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(—7? • h~e±, hew^u) 



hO 



G hp; 



and 



[e„x, e„Y] 
for ve± 

[Tt)Y, e„v] 





vej_ 



{v~e± 




G so(m + r 



(33) 



T 



v e j_ 



G so m 



-(0,w) T 


— (— V • ?;e"i, ve\\*vX 



G 



v e j_ 
vO 



veu v 



G vp. 



We can use formulas (J32|) and (jHHJ) in order to write the structure equa- 
tions (|21j) and (J2HJ) in terms of N-adapted curve flow operators soldered to the 
geometry Klein N-anholonomic spaces using the relations (|30p. One obtains 
respectively the G-invariant N-adapted torsion and curvature generated by 
the canonical d-connection, 



T(7r,7l) 
and 



^D X 7r - D Y 7i)J e = D x e Y - D Y e x + [r x , e Y ] - [T Y , e x ] (34) 



R(7r, 7i)e = [D x , D Y ] e = D x r Y - D Y r x + [T x , T Y ] (35) 

where e x == Tijfi, e Y == 7 T J e , T x == 7ijT and T Y == 7 T JT. The formulas (J54*)l 
and (|35| are equivalent, respectively, to (fl~3|) and (jHijl . In general, T(j T , 7i) 7^ 
and R(7 r , 7i)e can not be defined to have constant matrix coefficients with 
respect to a N-adapted basis. For N-anholonomic spaces with dimensions 
n = m, we have £ T(7 T ,7i) = and £ R(7 r ,7i)e defined by constant, or 
vanishing, d-curvature coefficients (see discussions related to formulas (ffiTf) 
and (|62|)). For such cases, we can consider the h- and v-components of 
(|34jl and ()35j) in a similar manner as for symmetric Riemannian spaces but 
with the canonical d-connection instead of the Levi Civita one. One obtains, 
respectively, 

= (D^x7r-D feY 7i)J^e (36) 
= D^xe^Y — D/iY e hx + [L&x, e^] — [L^y, e /ix] ; 

= (D„x7r - D„Y7i)J^ e 

= D^x^y — D„ Y e«x + [C^x, £ v y] — [C„y> e vx] , 



and 



/iR(7 r , 7i)/ie = [Dfcx, B hY ] he = D^L^y - D^yLax + [L«c, L fcY ] (37) 
vR(j T , 7i)f e = [D„ x , D^y] ve = D„ x C„y - D„ Y C„ X + [C„ x , C^y] • 
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Following N-adapted curve flow parametrizations (|32|) and (}3*3*j) . the equa- 
tions (}3T)j) and (jSTjl are written 

= Dftx/iey + 1? • /i~e±, = D^x^ey + V • ve"i, ; (38) 
= w — hen~v + T)f l xh~e±, = w — ven V + D„x^ e ±] 

and 

Dhx.^ — ~DhY~u + ~v \h® = h~e±, D„xw - D„yV + Vj«0 =d e"i; 
Dftx^©— ~v ®w + w®~v = 0, D„xw@— V ®w + w®*v~ = Q. (39) 

The tensor and interior products, for instance, for the h-components, are 
defined in the form: ® denotes the outer product of pairs of vectors (1 x n 
row matrices), producing n x n matrices A® B = A T B , and J denotes mul- 
tiplication of n x n matrices on vectors (1 x n row matrices); one holds the 

properties A\ \ B(£>c\ = (^A ■ B^j C which is the transpose of the stan- 
dard matrix product on column vectors, and (^B ® C^j A = (C-A\B. 
Here we note that similar formulas hold for the v-components but, for in- 
stance, we have to change, correspondingly, n — > m and A — > A. 

The variables en and 0, written in h- and v-components, can be ex- 
pressed corresponding in terms of variables v , w, he ± and v , w, v e ± (see 
respectively the first two equations in (J3*%|) and the last two equations in 

TO, 

/iey = -D h x(~v ■ h~e±), ve\\ = -D„ X (V • v*e±), 

and 

h@ = D ftX (~u ® w — w (g> ~u) , v G = D~ x (V <g> w — w <g> V) . 

Substituting these values, correspondingly, in the last two equations in (|38j) 
and in the first two equations in (|39jl . we express 

w = -~D h xh~e± - D^ x ( ~v ■ h~e ± )~u, w = -D v xv*e± - D~ X (V • v e~_L)V, 

contained in the h- and v-flow equations respectively on and V, consid- 
ered as scalar components when D hY ~v = v T and D^y"^ = v T , 

~v T = D/, x ro - "ujD^ ( 7 ® - ro ® 7) - fl/i"e i, (40) 
V T = D„ x ^7 — ^JD~ X (V — V) — 5t;e"i, 

where the scalar curvatures of the canonical d-connection, R and S are 
defined by formulas (fMJ) in Appendix. For symmetric Riemannian spaces 
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like SO(n + l)/SO(n) ~ S n , the value R is just the scalar curvature x — 1> 
see [12J. On N-anholonomic manifolds, it is possible that R and S are 
certain zero or nonzero constants. 

The above presented considerations consist the proof of 

Lemma 4.1 On N-anholonomic spaces with constant curvature matrix co- 
efficients for the canonical d-connection, there are N-adapted Hamiltonian 
sympletic operators, 

hJ = T> h x + T>£(!?-)l? and vj = D„ x + D^ x (V-) V, (41) 
and cosympletic operators 

frW^Dfcx + ^jD^-^A) and vH = D„ x + Vj D~ x ( Va) , (42) 
where, for instance, A/\B = A®B — B® A. 

The properties of operators (f4"Tj) and (}4"2"j) are defined by 

Theorem 4.1 JTie d-operators J = ihj ,vj~) and 7i = (hTC,vTC) are re- 
spectively (0(n — 1), 0(m — 1)) -invariant Hamiltonian sympletic and cosym- 
pletic d-operators with respect to the Hamiltonian d-variables (V, V) . Such 
d-operators defines the Hamiltonian form for the curve flow equations on N- 
anholonomic manifolds with constant d-connection curvature: the h-flows 
are given by 

'v'r = hH (w) — R h~e± = hSK (h~e±) — R h~e±, 
w = hj (h~e ± ) ; (43) 

the v-flows are given by 

*v~ T = vTi (w) — S v < e± = vD\ (y Vj_) — S v*e ±, 
w = v J (y*e±) , (44) 

where the so-called heriditary recursion d-operator has the respective h- and 
v-components 

h9\ = hHo hj and v9\ = vH o vj. (45) 

Proof. One follows from the Lemma and ()40|) . In a detailed form, for 
holonomic structures, it is given in Ref. [7j and discussed in jT2]. The 
above considerations, in this section, consist a soldering of certain classes of 
generalized Lagrange spaces with (0(n — l),0(m — l))-gauge symmetry to 
the geometry of Klein N-anholonomic spaces. □ 
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4.2 Bi— Hamiltonian anholonomic curve flows and soli- 
tonic hierarchies 

Following a usual solitonic techniques, see details in Ref . [TTJ [T2] , the recur- 
sion h-operator from (|45jl . 

hSIK = D ftX (D hX + (7-) 7) + 7JD^ (7 A D ftX ) (46) 
= D* x + |D hX | 2 + Dfex O?0 - ^JD«(^iA), 

generates a horizontal hierarchy of commuting Hamiltonian vector fields 
h~e ± starting from h~e ± = ~V\ given by the infinitesimal generator of 
1-translations in terms of arclength 1 along the curve (we use a boldface 1 
in order to emphasized that the curve is on a N-anholonomic manifold). A 
vertical hierarchy of commuting vector fields v*e ® starting from v*e^ = Vi 
is generated by the recursion v-operator 

vm. = D,x (D„ x + D; x (V-) V) + VJD; X (V AD„ x ) (47) 
= D* x + |D,x| 2 + D; x (V-) V! - VjD^VjA). 

There are related hierarchies, generated by adjoint operators £H* = (MH*, 
of involuntive Hamiltonian h-covector fields w^ k ' = S (hH^) /Sv in 
terms of Hamiltonians hH = hH^ k '(~v^, ~v*i, l?2i> ■••) starting from w^ 1 = 
~v,hH^ = Jj^| 2 and of involutive Hamiltonian v-covector fields w^ k > = 
S (vH^ k n I 6 v in terms of Hamiltonians vH = vH^ k \*v , v i, v 21, •••) start- 
ing from = *v~,vH^ = ||V| 2 . The relations between hierarchies are 
established correspondingly by formulas 

h~§^ = hH {^ {k \ ^( fe+1 )) = hj (/i^ fe) ) 

and 




where k = 0,1,2,.... All hierarchies (horizontal, vertical and their adjoint 
ones) have a typical mKdV scaling symmetry, for instance, 1 — ► Al and v — > 
\~ l ~v under which the values h~e ± and hH^ have scaling weight 2 + 2k, 
while w^ k > has scaling weight 1 + 2k. 

The above presented considerations prove 

Corollary 4.1 There are N-adapted hierarchies of distinguished horizontal 
and vertical commuting bi-Hamiltonian flows, correspondingly, on v and V 
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associated to the recursion d-operator ^Bjj given by 0(n — 1) © 0(m — 1) 
-invariant d-vector evolution equations, 

1? T = h^ x) -Rh^ = hn{s{hH^)/S^) 

with horizontal Hamiltonians hH^ k+1 ' R ^ = hH^ k+1,R ^ — R hH^ k,RS> and 

V r = ^ fe+1) - 5 «VJ } = vH (s (vH^) /Sir) 
= (vjy 1 (s (W fc+1 ^>) /5%) 

with vertical Hamiltonians vH^ k+1 ' S ^ = t>jy( fc+1 > 5 ) — S vH^ k ' S \ for k = 
0,1,2, The d-operators TC and J are h 1 -adapted and mutually compat- 
ible from which one can be constructed an alternative (explicit) Hamilton 
d-operator a H = H o J oH =<RoH. 

4.2.1 Formulation of the main theorem 

The main goal of this paper is to prove that for any regular Lagrange system 
one can be defined naturally a N-adapted bi-Hamiltonian flow hierarchy 
inducing anholonomic solitonic configurations. 

Theorem 4.2 For any vector bundle with prescribed d-metric structure, 
one can be defined a hierarchy of bi-Hamiltonian N-adapted flows of curves 
j(t, 1) = fryty, 1) + vj(t, 1) described by geometric nonholonomic map equa- 
tions. The flows are defined as convective (travelling wave) maps 

7 r = 71, distinguished (hj) T = (hj) hX and (vj) T = (vj) vX . (48) 

There are +1 flows defined as non-stretching mKdV maps 

~{hl) T = dL^W + ^x^WIL (*7)«, (49) 
-(vj) r = Dl 1L {iyy) vX + -\D vX .{iyy) vX \ vs (vj) vX , 

and the +2, ...flows as higher order analogs. Finally, the -1 flows are defined 
by the kernels of recursion operators fl^6| ) and fl^7| ) inducing non-stretching 
maps 

D h ,Y (hj) hX = and B vY (vy) vX = 0. (50) 
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Proof. It is given in the next section 14.2.21 

For similar constructions in gravity models with nontrivial torsion and 
nonholonomic structure and related geometry of noncommutative/ super- 
spaces and anholonomic spinors, it is important fHl ITH] 

Remark 4.1 N-adapted hierarchies of bi-Hamiltonian operators and related 
solitonic equations can be defined for SU(n)Q)SU(m) / SO(n)G)SO(m) sym- 
metries like it was constructed in Ref. fTlf for the Riemannian symmetric 
spaces. In this paper, we restrict our considerations only for real nonholo- 
nomic models. Similar results, to those from the Theorem can be refor- 
mulated for unitary groups which may be very important in modern quantum 
/ (non) commutative gravity. 

Finally, it should be emphasized that a number of exact solutions in 
gravity can be nonholonomically deformed in order to generate nonholonomic 
hierachies of gravitational solitons of type (}4T?j) or (p)Uj) . which will be 

consider in our further publications. 

4.2.2 Proof of the main theorem 

We provide a proof of Theorem 14.21 for the horizontal flows. The approach 
is based on the method provided in Section 3 of Ref. [TTj but in this work 
the Levi Civita connection on symmetric Riemannian spaces is substituted 
by the horizontal components of the canonical d-connection in a generalized 
Lagrange space with constant d-curvature coefficients. The vertical con- 
structions are similar but with respective changing of h- variables / objects 
into v- variables/ objects. 

One obtains a vector mKdV equation up to a convective term (can be 
absorbed by redefinition of coordinates) defining the +1 flow for h e j_ = v i, 

~Vt = "^31 + T^I^T _ R 

when the +(k + 1) flow gives a vector mKdV equation of higher order 3 + 2k 
on V and there is a h-flow v T = v \ arising from h e j_ = and h e n = 1 
belonging outside the hierarchy generated by hUt. Such flows correspond to 
N-adapted horizontal motions of the curve 7(7", 1) = ^7(1", 1) +vj{t, 1), given 
by 

(hj) T = f ((hj) hX , D, x (/i7)« > D L Mftx > -) 
subject to the non-stretching condition | (/i7) /lX kg — 1> when the equation 
of motion is to be derived from the identifications 

(7i7) r < — ► e feY , D^x (^7)ftx i — y %xe/,x = [Lfcx, e feX ] 
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and so on, which maps the constructions from the tangent space of the curve 
to the space hp. For such identifications, we have 



[Lax, e Ax] 
[L/iX) pjfcXj e Ax]] 



/i0 



(0,^ 

L -(o,^) T 





- IVI 2 , 



^| 2 ,"o 



and so on, see similar calculus in ()32|) . At the next step, stating for the +1 
h-flow 

► 1,-,,, 



h e 



v i and h e 



ax I v ■ V V 



we compute 
e^Y = 



(/iey , h~e±) 

— (he\\, h~e±) T hO 



(1, 

T 

0, ' 



hO 



-(0,V 



ax; 



(0,1? 
/i0 



AX J 



— D?tx [Lax ? e Ax] + - [Lax, [Lax, e Ax]] 

3 

= -^ax [Lftx, e hX ] - ^ I^T e AX- 

Following above presented identifications related to the first and second 
terms, when 



\1?\ 2 = < [L hX , e ftX ] , [L^x, e ftX ] >a p < — ► /ig (D^x (^7)ax > d ax (hrf) 
= ID^xMaxIas' 
we can identify 2\x [L^x, e^x] to D 2 X (hj)^ and write 



ax; 



/ 



|D feX (/it) 



AXl Ag 



(/17) 



AX 



'ax^ 2 

which is just the first equation (}49|) in the Theorem 14.21 defining a non- 
stretching mKdV map h-equation induced by the h-part of the canonical 
d-connection. 

Using the adjoint representation ad(-) acting in the Lie algebra hg = 
hp © so(n), with 



ad ([L hX , e hX ]) e hX 







- 0, 



o,"o) 



G so(n + 1), 
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where 







v ^ hO 

and the derived (applying ad ([L^ x , e hx\) again 



G so m 



ac/([L/ lX ,e/ l x]) 2 e /iX = -|^| 2 







1, 



1, 




v e ftX , 



the equation (f47IJ) can be represented in alternative form 



- (hi) T = D^ x (hj) hX - -R- l ad (D hX (/i 7 ), x ) 2 (M«c > 

which is more convenient for analysis of higher order flows on v subjected 
to higher-order geometric partial differential equations. Here we note that 
the flow one v corresponds to just a convective (linear travelling h-wave 
but subjected to certain nonholonomic constraints ) map equation ()48|) . 

Now we consider a -1 flow contained in the h-hierarchy derived from the 
property that h e j_ is annihilated by the h-operator hj and mapped into 
hftKih e j_) = O.This mean that hj{h e j_) = w = 0. Such properties together 
with (J3T]) and equations (jlUj) imply L T = and hence hV T e h x = [L T ,e^ x ] = 
for KD T = KD T + [L T , •]. We obtain the equation of motion for the h- 
component of curve, /ry(r, 1), following the correspondences D^y < — ► hV T 
and h^i < — > e ftX , 

D, Y (/i 7 (r, 1)) = 0, 

which is just the first equation in (J5UJ). 

Finally, we note that the formulas for the v-components, stated by The- 
orem 14.21 can be derived in a similar form by respective substitution in 
the the above proof of the h-operators and h-variables into v-ones, for 
instance, h'j — > wy, he± — > v e ±, v — > v , vj — > K7,Dft X — ► Dtix, 



4.3 Nonholonomic mKdV and SG hierarchies 

We consider explicit constructions when solitonic hierarchies are derived fol- 
lowing the conditions of Theorem 14.21 

The h-flow and v-flow equations resulting from (|5U|) are 

~T? T = —Rh~e± and V T = — Sv *e±, (51) 
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when, respectively, 



= w = — D/jx/i e _|_ + he\\ v , D/ixAeii — he ± ■ v 

and 

= vj = -D„x?^e"i + ve\\ V, ~D v xve\\ = v*e± ■ V. 
The d-flow equations possess horizontal and vertical conservation laws 

Dfcx((/ie,|) 2 + |/i^ ± | 2 ) =0, 
for {he\\) 2 + \h~ej_l 2 =< he T , he T > hp = \ {h^) T \ 2 h% , and 

T> vY ({ve^ 2 + \v% 1 _\ 2 ) =0, 
for (fey) 2 + IfVjJ 2 =< ve T ,ve T > vp = \ (vy) T | 2 g . This corresponds to 

D,x|(^7) r l^ = and D oX | (wy) T \l g — 0. 

We note that the problem of formulating conservation laws on N-anholo- 
nomic spaces (in particular, on nonholonomic vector bundles) in analyzed 
in Ref. JH]- I n general, such laws are more sophisticate than those on 
(semi) Riemannian spaces because ofn nonholonomic constraints resulting in 
non-symmetric Ricci tensors and different types of identities. But for the 
geometries modelled for dimensions n = m with canonical d-connections, 
we get similar h- and v-components of the conservation law equations as on 
symmetric Riemannian spaces. 

It is possible to rescale conformally the variable r in order to get | {h r )) T \\ 
= 1 and (it could be for other rescalling) | (vy) T | 2 g = 1, i.e. to have 

(/m3||) 2 + \h~e _l| 2 = 1 and (wey) 2 + \v eTJ 2 = 1. 

In this case, we can express he\\ and he ± m terms of and its derivatives 
and, similarly, we can express ve\\ and v e j_ in terms of v and its derivatives, 
which follows from The N-adapted wave map equations describing the 
-1 flows reduce to a system of two independent nonlocal evolution equations 
for the h- and v-components, 

= -D^ ^ V /^2_|^ t |2 ^ and V r = -D"i ^5 2 -|V T | 2 VJ . 

For N-anholonomic spaces of constant scalar d-curvatures, we can rescale the 
equations on r to the case when the terms R 2 , S 2 = 1, and the evolution 
equations transform into a system of hyperbolic d-vector equations, 



D hX ( v T ) = -\ 1 - | v T \ 2 v and D„ x ( v T ) = -\ 1 - \v T \ 2 v , (52) 
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where D ftX = <9/u and D^x = d v \ are usual partial derivatives on direction 
1 =h\+v\ with v T and v T considered as scalar functions for the covariant 
derivatives D^x and D^x defined by the canonical d-connection. It also 
follows that he ± and v e ± obey corresponding vector sine-Gordon (SG) 
equations 

(^/(l-\h^ ± \^d hl (h^Sj =-h-3_L (53) 

and 



[l-\ve ± \ 2 )- 1 d vi (v^ ± )j =-v^ ± . (54) 

The above presented formulas and Corollary 14. II imply 

Conclusion 4.1 The recursion d-operator 9^ = (h9\,h9\) fl^<5| ), see fl^6| ) and 
\47\) , generates two hierarchies of vector mKdV symmetries: the first one is 
horizontal, 

= ~v hh ^ { r ] = MRCvhi) = ~v 3h i + ~\~v\ 2 ~v hh (55) 



V 



(2) 



5 

hS&Crtfn) = lf 5M + - (\~v\ 2 ~V2h\) 

^ i / 1 — ► 1 2\ I — ^ 1 2 ^ i — ^ 1 4 i — ^ I — ^ 1 2 — ^ 

+ o (I U I )hl hi + I « hl\ +7\ v \ V hl --\v h i\ V 
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with all such terms commuting with the -1 flow 

(vrY 1 = h~e± (56) 

associated to the vector SG equation the second one is vertical, 

3 

V^ 0) = V„i, = v*R(*v v {) = V 3 „i + ( 57 ) 

_ 5 

V(. 2) = u9^(V,,i) = V 5 „i + - (|V| 2 V 2l ,i)^ 



with all such terms commuting with the -1 flow 

(V T ) _1 = »ei (5£ 
associated to the vector SG equation \54\j - 

33 



In its turn, using the above Conclusion, we derive that the adjoint d- 
operator 9^* = J o TC generates a horizontal hierarchy of Hamiltonians, 



hHW = i|^| 2 , hHM = --{!? hl \* + ~\!?\\ (59) 

Z Z o 

hH® = ^ 2 m| 2 -^| 2 |^i| 2 -^(^-^i) + ^K| 6 ,-, 
Z 4 Z lb 

and vertical hierarchy of Hamiltonians 

vH® = ^|V| 2 , w ^W = -I|V vl | 2 + i|V| 4 , (60) 

Z Z o 

1 ^ 1 1 

rr('2 > t I — |2 M — 12 I — \1 /< — 4 — \ I 4 — ifi 

v H y > = -\v 2 v\\ ~ 7 M ««1 - o ( v ' w «0 + tfI 11 I ' 

2 4 2 lb 

all of which are conserved densities for respective horizontal and vertical -1 
flows and determining higher conservation laws for the corresponding hyper- 
olic equations and 

The above presented horizontal equations (jSHj). (J55J) . (JBTIj) and (joDj) and 
of vertical equations (|H4"|) . (|H7jl . and (fbT)j) have similar mKdV scal- 

ing symmetries but on different parameters Xh and A„ because, in gen- 
eral, there are two independent values of scalar curvatures R and S , see 
()bb|). The horizontal scaling symmetries are hi — >Xhhl,l? — > {Xh) 1 ~v and 
t — > (Aft) 1+2fc , for A; = —1, 0, 1, 2, ... For the vertical scaling symmetries, one 
has v 1 — >A„f 1,V — > (A„) _1 V and r — > (Ai,) 1+2/c , for k — —1, 0, 1, 2, ... 

Finally, we consider again the Remark 14.11 stating that similar results 
(proved in Section 4) can be alternatively derived for unitary groups with 
complex variables. It is really so, but the generated bi-Hamiltonian and 
solitonic horizontal and vertical hierarchies with unitary gauge symmetry are 
different from those defined for real orthogonal groups; for holonomic spaces 
this is demonstrated in Section 4 of Ref. jTTj. This distinguishes substantially 
the models of gauge gravity with structure groups like the unitary one from 
those with orthogonal groups. 



5 Conclusion 

In this paper, the geometry of (semi) Riemannian spaces was encoded in 
nonholonomic hierarchies of bi-Hamiltonian structures and related solitonic 
equations derived for curve flows on tangent spaces. The local algebraic struc- 
ture of modelled nonholonomic spaces is defined by the dimensions of the base 
and typical fiber subspaces. If such subspaces are Riemannian symmetric 
manifolds, respectively, of dimensions n and m, their geometric properties 
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are exhausted by the geometry of distinguished Lie groups G = GO{n)® 
GO{m) and G = SU{n)@ SU{m) and the geometry of nonlinear connec- 
tions on such vector bundles. This can be formulated equivalently in terms 
of geometric objects on couples of Klein spaces. The bi-Hamiltonian and 
related solitonic (of type mKdV and SG) hierarchies are generated naturally 
by wave map equations and recursion operators associated to the horizontal 
and vertical flows of curves on such spaces. 

We proved that for any (semi) Riemanninan metric on a base manifold 
M it is possible to define canonical geometric object and their nonholonomic 
deformations on tangent bundles. The curvature matrix, with respect to 
the correspondingly adapted frames, can be constructed to posses constant 
coefficients. For such configurations, we can apply the former methods elab- 
orated for symmetric Riemannian spaces in order to generate curve flow - 
solitonic hierarchies. 

Finally, we note that curve flow - solitonic hierarchies can be constructed 
in a similar manner for exact solutions of Einstein- Yang-Mills-Dirac equa- 
tions, derived following the anholonomic frame method, in noncommutative 
generalizations of gravity and geometry and possible quantum models based 
on nonholonomic Lagrange-Fedosov manifolds. We are continuing to work 
in such directions. 

Acknowledgement: The author is grateful to A. Bejancu for very im- 
portant references on the geometry of nonholonomic manifolds. 



A Some Local Formulas 

There are outlined some local results from geometry of nonlinear connections 
(see Refs. [HJ [T3J UHl d] for proofs and details). There are two types of 
preferred linear connections uniquely determined by a generic off-diagonal 
metric structure with n + m splitting, see g = g ®n h (JHJ): 

1. The Levi Civita connection V = {T^ 7 } is by definition torsionless, 

,T = 0, and satisfies the metric compatibility condition, Vg = 0. 

2. The canonical d-connection r 7 Q(3 = yLj k , L% k , C* c , C^J is also metric 

compatible, i. e. Dg = 0, but the torsion vanishes only on h- and 
v-subspaces, i.e. T l - k = and T£ c = 0, for certain nontrivial values 

of Tj a ,T^,T^. For simplicity, we omit hats on symbols and write, for 

simplicity, U- k instead of Lj k , Tj a instead of Tj a and so on... but preserve 

the general symbols D and T 7 a/3 . 
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By a straightforward calculus with respect to N-adapted frames (j3J) and 
(0), one can verify that the requested properties for D on E are satisfied if 

L) k = 7}9 n ' (e k g jr + ej9kr - e r g jk ) , (61) 
L a bk = e b (NZ) + h ac (e k h bc -h dc e b N*-h db e c N*) } 
C) c = -g ik e c g jk , Cl c = hi ad {e c h bd + e c h cd - e d h bc ) . 

For E = TM, the canonical d-connection D = (hD,vD) can be defined in 
torsionless form 10 with the coefficients r°-g = (L l j7 ,, L£ c ), 

L l jk = ^g lh (e k g jh + e jgkh - e h g jk ), (62) 
C\ c = ^h ae (e c h be + e b h ce -e e h bc ). 
The curvature of a d-connection D, 

n a p = Dr^ = dv a p - r\ a r a 7 , (63) 

splits into six types of N-adapted components with respect to (jlj) and 

Ret ( pi pa pi pc qi qa \ 

(3-y5 — K. 11 hjki 11 bjki r hjai r bjai ° jbci ° bdc) i 

(64) 



bd 1 kai 



Contracting respectively the components, R a/ g = R T a/ g T , one computes 
the h- v-components of the Ricci d-tensor (there are four N-adapted com- 
ponents) 

Rij = R ij k , Ria =F ~P i ka i Rai =F P aibi $ab =F S abc . (65) 

The scalar curvature is defined by contracting the Ricci d-tensor with the 
inverse metric g af3 , 

R = g a/3 R a/3 = jlRij + h ab S ab = R + *S. (66) 



R hjk 


= e h L* hj 


rt _| rm t % 
Vj-I^ hk ' hj^ mk 


rm rt r^ii r\a 
~ ^ hk^ mj ha lL kji 


pa 

- rt bjk 


= ekL\ 


bk ' bj Ij ck 


j c r a /^ia r\c 
u bk 1 " cj ~ ° 6c" fcj' 


pi 

jka 


= ZaL l j k 


— D k C t ja + C l j b T b ka , 


P°bka = e aL C bk — D k C C ba 


qi 

& jbc 


= £cC l j b 


— e b C l j c + C h j b C l hc — 


° jc° hbi 


qa 

° bed 


= e d C\ c 


e c^ fed + ° 6c° ed 


/~te /~ta 
° 6d° ec- 



10 i.e. it has the same coefficients as the Levi Civita connection with respect to N- 
elongated bases (@J and (J2J) 
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If E =TM, there are only three classes of d-curvatures, 



R\jk — e kL l hj - GjL l hk + L m hj U mk - L m hk U mj - C\ a tt a kj , (67) 

P 'jka = e aL l jk - ^kC l ja + C l jb T b ka , 
° bed — e d° be e c ( - / bd ' bc^ ed ° bd U eel 

where all indices a, b, ... run the same values and, for instance, C e bc — > 
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